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ON THE LOCAL TAMAGAWA NUMBER CONJECTURE FOR 
TATE MOTIVES OVER TAMELY RAMIFIED FIELDS 

J. DAIGLE AND M. FLACH 


Abstract. The local Tamagawa number conjecture, which was first formu¬ 
lated by Fontaine and Perrin-Riou, expresses the compatibility of the (global) 
Tamagawa number conjecture on motivic L-functions with the functional equa¬ 
tion. The local conjecture was proven for Tate motives over finite unramified 
extensions A/Qp by Bloch and Kato. We use the theory of (ip, r)-modules and 
a reciprocity law due to Cherbonnier and Colmez to provide a new proof in 
the case of unramified extensions, and to prove the conjecture for Qp(2) over 
certain tamely ramified extensions. 


1. Introduction 

Let A/Qp be a finite extension and V a de Rham representation of Gk ■= 
Gal(A/A). The local Tamagawa number conjecture is a statement describing a 
certain Qp-basis of the determinant line detjj^ RT{K,V) of (continuous) local Ga¬ 
lois cohomology up to units in Zp . It was first formulated as conjecture Cep by 
Fontaine and Perrin-Riou [12] [4.5.4] and independently as the ’’local e-conjecture” 
by Kato [T5][Gonj. 1.8]. Both conjectures express compatibility of the (global) 
Tamagawa number conjecture on motivic L-functions with the functional equation. 
The fact that the local Tamagawa number conjecture is equivalent to this compat¬ 
ibility still constitutes its main interest. For example, the proof of the Tamagawa 
number conjecture for Dirichlet L-functions at integers r > 2 |5] uses the conjec¬ 
ture at 1 — r and compatibility with the functional equation (no other more direct 
proof is known). In [14] Fukaya and Kato generalized [T5][Gonj. 1.8] to de Rham 
representations with coefficients in a possibly non-commutative Qp-algebra, and in 
fact to arbitrary p-adic families of local Galois representations. 

In this paper we shall only consider Tate motives V = Qp(r) with r > 2 (for the 
case r = 1 see m. i)- If K/Qp is unramified the local Tamagawa number con¬ 
jecture for Qp(r) was first proven by Bloch and Kato in their seminal paper [2] on 
the global Tamagawa number conjecture, and has since been reproven by a number 
of authors (e.g. [20], m- These later proofs also cover the case where K/Qp is a 
cyclotomic extension, or more generally where V is an abelian de Rham represen¬ 
tations of Gal(Qp/Qp) [T5][Thm 4.1], [22]. All proofs have two main ingredients: 
Iwasawa theory and a ’’reciprocity law”. The latter is an explicit description of 
the exponential or dual exponential map for the deRham representation V, which 
however very often only holds in restricted situations (e.g. V ordinary or absolutely 
crystalline). The aim of this paper is to explore the application of the very general 
reciprocity law of Gherbonnier and Golmez [6] , which holds for arbitrary de Rham 
representations, to the local Tamagawa number conjecture for Tate motives. 
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In section [2] we shall give a first somewhat explicit statement (Prop. [2]) which 
is equivalent to the local Tamagawa conjecture for Qp(r) over an arbitrary Galois 
extension K/Qp. We shall in fact work with the refined equivariant conjecture 
over the group ring Zp[Gal(iir/Qp)], following Fukaya and Kato [14]. In section 
|3| we focus on the case where p \ [K : Qp]. In section |4| we state the reciprocity 
law of Cherbonnier and Colmez in the case of Tate motives. In section [5| we show 
that it also can be used to give a proof of the unramified case (which however 
has many common ingredients with the existing proofs). Finally, in section [51 we 
formulate our main result, Prop. 1131 which is a fairly explicit statement equivalent 
to the equivariant local Tamagawa number conjecture for Qp(r) over K/Qp with 
p] [K : Qp]. We show that it can be used to prove some new cases, more specifically 
we have 

Proposition 1. Assume K/Qp is Galois of degree prime to p and with ramification 
degree e < pj4,. Then the equivariant local Tamagawa number conjecture holds for 
V = Qpi2). 

The only cases where the conjecture for tamely ramified fields was known pre¬ 
viously are cyclotomic fields, i.e. where e | p — 1, and in this case one can allow 
arbitrary r [20] . [1]. We think that many more cases can be proven with Prop. [T3| 
and hope to come back to this in a subsequent article. 

Acknowledgements: We would like to thank the referee for a very careful reading 
of the manuscript which helped to improve our exposition a lot. 

2. The conjecture 

Throughout this paper p denotes an odd prime. Let K/Qp be an arbitrary 
finite Galois extension with group G and r > 2. In this section we shall explicate 
the consequences of the local Tamagawa number conjecture of Fukaya and Kato 
[T4][Conj. 3.4.3] for the triple 

(A,r,C) = (Zp[G],Indc^-Zp(l-r),C). 

Here ( = {(p^ )„ G r(Qp, Zp(l)) is a compatible system of p”-th roots of unity which 
we fix throughout this paper. The conjectures for a triple (A,T, C) and its dual 
(Aop^ T*(l), (C) are equivalent. We find it advantageous to work with Qp(l—r) rather 
than Qp(r) as in |2| since we are employing the Gherbonnier-Colmez reciprocity law 
[6] which describes the dual exponential map. 

In order to give an idea what the conjecture is about consider the Bloch-Kato 
exponential map |5] 

exp : K ^ H^(K,Qp(r)). 

In a first approximation one may say that the local Tamagawa number conjecture 
describes the relation between the two Zp-lattices exp(OK) and im(H^(K,Zp(r))) 
inside H^{K,Qp{r)). Rather than giving a complete description of the relative 
position of these two lattices, the conjecture only specifies their relative volume, that 
is the class in /Z^ which multiplies Detzp exp(Oif) to Detzp (im(7L^(AT, Zp(r)))) 
inside the Qp-line DetQ^H^{K,Qp{r)). The equivariant form of the conjecture is a 
finer statement which arises by replacing determinants over Zp by determinants over 
Zp[G]. If G is abelian and Zp{r))) is projective over Zp[G], the conjecture 

thereby does specify the relative position of the two lattices in view of the fact that 
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H^{K,Qp{r)) is free of rank one over Qp[C?] and so coincides with its determinant. 
If G is non-abelian, even though H^{K, Qp(r)) remains free of rank one over Qp[G], 
the conjecture is an identity in the algebraic K-group 

and is again quite a bit weaker than a full determination of the relative position of 
the two lattices. 

Determinants in the sense of m (see also [14][1.2]) are only defined for modules 
of finite projective dimension, or more generally perfect complexes, and so the first 
step is to replace the Zp-lattice im{H^{K,'Zp{r))) by the entire perfect complex 
RT{K,Zp{r)). There still is an isomorphism 

(1) RT{K,Zpir)) Qp ^ RT{K,Qp{r)) ^ H^{K,qp{r))[-l] 

since the groups H^{K,'Zp{r))tor and H^{K,Xp{r)) are finite. If K/Qp is Galois 
with group G then Rr{K,Zp{r)) is always a perfect complex of Zp[G]-modules 
whereas im{H^(K,Zp{r))) or Ok need no longer have finite projective dimen¬ 
sion over Zp[G]. A further simplihcation occurs if one does not try to compare 
RT{K,Zp{r)) to exp(Gif) directly. Instead one uses the ’’period isomorphism” 

per : Qp K = Qp Qp) = Qp[G] 

and tries to compare DetZpi?r(A', Zp(r)) to a suitable lattice in this last space. The 
left-Zp[G]-module IndQ^*" Zp is always free of rank one whereas Ok need not be. 
After choosing an embedding K ^ Qp one gets an isomorphism i/; : Gq^/Gk = G 
and an isomorphism 

(2) IndG"/Zp-Zp[G] 

so that the Zp[G]-linear left action of 7 S Gq^ is given by 

(3) Zp[G] 3 X xQ{'y~^). 

The period isomorphism is then given for x G K hy 

per(a;) := per(l 0 a;) = ^ g{x) ■ g~^ G Qp[G]. 
g&G 

The dual of exp identihes with the dual exponential map 
exp^^(,) :7?i(iG,Qp(l-r))^if 

by local Tate duality and the trace pairing on K. Let (3 G H^{K,Zp{l — r j) be an 
element spanning a free Zp[G]-submodule and let Cp be the mapping cone of the 
ensuing map of perfect complexes of Zp[G]-modules 

(Zp[G] •/3)[-l] ^ i/i(i^,Zp(l - r))[-l] ^ i?r(iG,Zp(l - r)). 

Then Cp is a perfect complex of Zp[G]-modules with finite cohomology groups, i.e. 
such that G /3 Gzp Qp is acyclic. It therefore represents a class [Gp] in the relative 
AT-group A'o(Zp[G],Qp) for which one has an exact sequence 

Ari(Zp[G]) -3 Ari(Qp[G]) -3 A'o(Zp[G],Qp) -3 0. 

Hence we may also view [C^] as an element in A'i(Qp[G])/im(Ari(Zp[G])). Extend¬ 
ing scalars to Qp we get an isomorphism of free rank one Qp[G]-modules 

H\K,Qp{l - r)) Qp k Qp ^ Qp[G] 
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sending the Qp[G']-basis /3 to a unit per(exp*(/3)) S Qp[G']^. As such it has a class 

[per(exp*(/?))] e A:i(Qp[G]) 

via the natural projection map Qp[G]^ —>■ A'i(Qp[G]) (recall that for any ring R 
we have maps ^ GL{R) —>■ GL{R)°‘^ =: Ki{R)). In section \^7I\ below we shall 
define an e-factor e{K/Qp, 1 — r) € Ari(Qp[G]) so that 

e{K/Qp, 1 - r) • [per(exp*(/3))] G ifi(Q;iG]). 

Let F C K denote the maximal unramified subfield, E = Gal(F/Qp) and cr G S the 
(arithmetic) Frobenius automorphism. Then Qp[S] is canonically a direct factor of 
Qp[G] and Qp[S]^ = Ari(Qp[S]) a direct factor of A'i(Qp[G]). For a G Qp[S]^ we 
denote by [a\F its class in iFi(Qp[G]). Finally, note that if i? is a Q-algebra then 
any nonzero rational number n has a class [n] G Ki{R) via —>■ R^ —>■ Ki{R). 


Then one has 


Proposition 2. Let K/Qp be Galois with group G and r >2. The local Tamagawa 
number conjecture for the triple 

(A,r,C) = iZp[G],lndZ^ Zp(l - r),C). 

is eguivalent to the identity 


( 4 ) 


[(r -!)!]• e{K/Qp, 1 - r) • [per(exp*(/3))] • [Gp] ^ • 


1 


in the group Ari(Q“’’[G]))/im Ari(Z“’’[G])). 


Before we begin the proof of the proposition we explain what we mean by the 
local Tamagawa number conjecture for (Zp[G], Indg^’’ Zp(l — r),(). The local Tam¬ 
agawa number conjecture [14) [Coni. 3.4.3] claims the existence of e-isomorphisms 
eA^^(T) for all triples (A, T, C) where A is a semilocal pro-p ring satisfying a certain 
finiteness condition [Il][1.4.1], T a finitely generated projective A-module with con¬ 
tinuous Gqj,- action and C a basis of F(Qp, Zp(l)), such that certain functorial prop¬ 
erties hold. One of these properties [Il][Conj. 3.4.3 (v)] says that if L := Aig)Zp Qp 
is a finite extension of Qp and V := T Qp is a de Rham representation, then 

AOa eA.c('7") = (^L,ciy) 

where eL,c(R) is the isomorphism in Gp defined in [T3][3.3]. Here, for any ring 
R, Gr is the Picard category constructed in [14] [1.2], equivalent to the category 
of virtual objects of m,s^R — : Gr —>■ Gs is the Picard functor induced by a 
ring homomorphism R ^ S and R = IF(Fp) R for any Zp-algebra R. The 
construction of eLx(H) involves certain isomorphisms and exact sequences which 
we recall in the proof below. If A is a finite dimensional semisimple Qp-algebra and 
V an A-linear de Rham representation those isomorphisms and exact sequences are 
in fact A-linear and therefore lead to an isomorphism CAxi^) in Ih® category G^. 
If A := A (g)Zp Qp is a semisimple Qp-algebra and V := T (g>Zp Qp is a de Rham 
representation, we say that the local Tamagawa number conjecture holds for the 
particular triple (A,T, C) if 

AOa ^Ax(y) =^Ax(y) 

for some isomorphism e^xiT) in G^. 





ON THE LOCAL TAMAGAWA NUMBER CONJECTURE FOR TATE MOTIVES 


5 


Proof. For a perfect complex of Qp[G]-modules P, we set P* = HomQp[G](P, Qp[G]) 
which is a perfect complex of Qp[G]°^-modules. Fix r >2 and set 

y = Indal ^ ^esp. y*(l) = Indc^*’ Qp(r) 

which is free of rank one over Qp[G], resp. Qp[G]°P. We recall the ingredients 
of the isomorphism %j,[g](^) of [II] [3.3.2] (or rather of its generalization from 
field coefficients to semisimple coefficients). The element f determines an element 
t — log(C) of BdR. We have 

Dc„s{V) = F ■ f-\ DdR{V)/D°RiV) = 0 

D.r^siV*il)) = F . t-\ DdRiV*il))/DUV*a)) = K, 

Cf{Qp,V):F ^-^^~' - > F 

G/(Qp,y*(l)) : F F(BK, 

and commutative diagrams 

De%[G](0) DetQ^iG] G/(Qp, F) • DetQ^[G] DdR{V)/D°j,{V) 

DetQp[G](0) - - > DetQ^[G](0) • DetQp[G](0)“^ • DetQp[G](0) 


DetQ^[G](0) DetQ^[G]G/(Qp,y*(l))* • {Det^,iG]DdRiV*{l))/D°,^{V*m* 

DetQp[G](0) DetQp[ g](0 ) ■ Det^p [g]{K*)~^ ■ DetQ^[ g] {K*) 


Deto-lGl ^ f (Qp ( 1) ) * ’ ^ / 

DetQ^[G]G/(Qp,y*(l))* ^ ^ DetQ^[G](C(Qp,y)/G/(Qp,y)) 


DofQp[G](-ff*)’ 




DofQplG] H*{Qp, V) 


where the vertical maps c are induced by passage to cohomology. The morphism 
Ik' is (DetQ^jg,j of) the inverse of the isomorphism 


hHQp,v) ^ H\Qp, y*(i))* K* 

where T is the local Tate duality isomorphism. For the isomorphism 

%p[G](f") = viQp, V) ■ (DetQ^[G] d^fiQp, V*{l)r-^ o rjiQp, ¥*{1))*’-^) 
we obtain a commutative diagram 

DetQp[G](0) ’ —s> DetjjpfG] C{Qp,V) ■ DetQ^jG] DdR{V) 


DetQp[G](0) — - —s> DetQp[G] H*{Qp, V) ■ DetQp[G](Jf) 
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where O' is induced by the dual exponential map 

H\Qp,V) 

The isomorphism rQp[( 3 ](t^) • eQj,[G],c,d-R(^) of [S] [3.3.3] is the isomorphism 

- 1)!] • e(i^/Qp, 1 - r) • DetQ^[G](per) 

and the isomorphism 

^Qp[G],c(f^) = rQp[G](f^) • eQp[G],c,dK(f^) ■ %[G](f^) 
fits into a commutative diagram 

DetQpP[G](0) Q-[G] 0 (DetQ^[G] i?r(K,Qp(l - r)) ■ DetQ^[G](b^)) 

Qp[G] 



DetQpP[G](0) Q7[G] 0 (Det-;[c]i?'(^,Qp(l-r-))-DetQ^[G](Qp[G])) 

Qp [G] ' 

where 

e" = [(-l)’-i(r - 1)!] • e(if/Qp, 1 - r) • DetQ^fG](per) • O' 

and c involves passage to cohomology as well as our identification V = Qp[G] chosen 
above. Now passage to cohomology is also the scalar extension of the isomorphism 

Det-;[<5](Zp[G] • /3) • Detz^[G](G;3) = Detz^[G] i?r(iC,Zp(l - r)) 

induced by the short exact sequence of perfect complexes of Zp[G]-modules 

0 ^ i?r(Js:,Zp(i - r)) Zp[G] • o 

combined with the acyclicity isomorphism 

can : DetQp[G](0) ~ DetQp[G] (G/s.Qp)- 

Since the class of Cp in Ko(Zp[G]) vanishes we can choose an isomorphism 

a ■■ Detzp[G](0) = Betz^ia]iCp) 
which leads to another isomorphism 

c' : Det-;[c](Zp[G] • /?) ^ Detz^[G] i?r(if,Zp(l - r)) 
defined over Zp [G]. Setting 

A := (c^jJ-^c G Aut (DetQ^jc] ^^'(^,Qp( 1 - 0)) = ^i(Qp[G]) 
we obtain a commutative diagram 

DetQPP[G](0) Q-[G] 0 (DetQ^[G] i?r(iG,Qp(l - r)) • DetQ^[G](r)) 

Qp[G] 


DetQpP[G](0) Q-[G] 0 (DetQ;[c]-ff'(^>Qp(l-0)-DetQ^[G](Qp[G])) 

Qp[G] ' 

where 

O'" = XoO" = X- [(-l)’'-'(r - 1)!] • eiK/Qp, 1 - r) • DetQ^[G](per) • O'. 











ON THE LOCAL TAMAGAWA NUMBER CONJECTURE FOR TATE MOTIVES 


7 


The local Tamagawa number conjecture claims that eQp[G],c(^) i® induced by an 
isomorphism 


Detzgr[G](0) Z-[G] 0 (Detzp[G]i?r(if,Zp(l-r))-Detzp[G](T)) 

Zp [G] 

and this will be the case if and only if 


e"' := I 


1 — 
1 — 


is induced by an isomorphism 

Detz„.[G](0) Z7[G] ® (Det-;[c](Zp[G] • /3) • Detzp[G](Zp[G])) . 

Zp [G] ^ ^ 


The isomorphism of Qp[G]-modules 

r : - r)) ®Qp Qp g)Qp Qp ^ Qp[G] 

is clearly induced by an isomorphism of Zp[G]-modules 


Qp[G] 


TZp[G] : Zp[G] • ^ ^ Zp[G] 


and we have 

1 — p^~^(j 


9^'' = 


1 — p ’"cr ^ 


(r-l)!]-e(ii:/Qp, l-r)-[per(exp*(/3))]-DetQ^[G]M- 


Hence 9^'' is induced by an isomorphism ^^pfG] class in i4ri(Q“’'[G]) 

of 


• o [(-1)’' ^{r - 1)!] • <^{K/Qp, 1 - r) • [per(exp*(/?))] 

F 

lies in i4ri(Z“’'[G]). Now note that [(—!)] G Ki{Z) C iGi(Zp’’[G]) and that A = 
[Cp\~^, so we do indeed obtain identity (|3]). In order to see this last identity note 
that we have 

A“^ = a~^ ■ can 


■ 1 

1 — p~''a~^ 


and that a ^ ■ can G iGi(Qp’'[G]) is a lift of [Cp] G itro(^p’^[G]) Qp) according to the 
conventions of [T3][1.3.8, Thm.1.3.15 (ii)]. □ 


2.1. Description of Ki. For any finite group G we have the Wedderburn decom¬ 
position 

Qp[G] - n ^dMp) 

xgg 

where G is the set of irreducible Qp-valued characters of G and = x(l) is the 
degree of y. Hence a corresponding decomposition 

(5) ifi(Qp[G]) - n KM^iQp)) - n 

xeG xeG 

which allows one to think of iGi(Qp[G]) as a collection of nonzero p-adic numbers 
indexed by G. Note here that for any ring R one has Ki{Md{R)) = Ki{R) and for 
a commutative semilocal ring R one has Ki{R) = R^. 
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li p \ \G\ then all characters x G G take values in Z“’', the Wedderburn de¬ 
composition is already defined over and so is the decomposition of Ki. One 
has 

xi(z-[G]) - n Ki(M,^(z7)) - n 

X6G xeG 

and 

(6) i^i(Q-[G])/im(i^i(Z7[G])) - H 

xeG xeG 

which allows one to think of elements in (Q“’’ [G])/ im(_ftri (Z“’' [G])) as a collection 

of integers (p-adic valuations) indexed by G. 

2.2. Definition of the e- factor. If L is a local field, E an algebraically closed field 
of characteristic 0 with the discrete topology, pL a Haar measure on the additive 
group of L with values in ■ L —> E^ a continuous character, the theory of 

Langlands-Deligne [10] associates to each continuous representation r of the Weil 
group Wl over E an e-factor e{r,'ipL, Pl) G E^ . 

We shall take E = Qp and always fix and tpL so that p{Ol) = 1 and ipL = 
V'QpOTri/Qp where = Cp" for our fixed C = (Cp-)™ G r(Qp, ^p(l))- Setting 

e(r) := e{r,tjjL,PL) G E^ 

and leaving the dependence on C implicit, we have the following properties (see also 
[I] for a review, [M] only reviews the case L = Qp). Let tt be a uniformizer oi Ol, 
Sl the exponent of the different of L/Qp and q = 

a) li r : Wl ^ E^ is a homomorphism, set 

rji : L"" ^ Wf 4 E^ 

where rec is normalized as in [10] [('2.3')] and sends a uniformizer to a geo¬ 
metric Frobenius automorphism in Then we have 

|g'^^r(t(7r'=+‘^^)T{r(j, V'ti-) if O 0 
where c G Z is the conductor of r and 

(7) r(rj,i/>^)= 

uGiOL/^"^) ^ 

is the Gauss sum associated to the restriction of to {Ol/{t^‘^))^ and the 
additive character 

u !->• ipniu) ■= 

of OlI{tt‘'). 

b) If L/iF is unramified then e(r) = e(lndj]])^ r) for any representation r of 
Wl. 

c) If r(a) is the twist of r with the unramified character with Frobi-eigenvalue 
a G E^, and c(r) S Z is the conductor of r, then 

e(r(a)) = 

Here Frob^ denotes the usual (arithmetic) Frobenius automorphism. 
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For a potentially semistable representation V of Gq^ one first forms Dpst{V), a 
finite dimensional Q“’'-vector space of dimension dimQ^ V with an action of Gq^ , 
semilinear with respect to the natural action of Gq^ on Q“’' and discrete on the 
inertia subgroup. Moreover, DpstiV) has a Frob-semilinear automorphism ip. The 
associated linear representation ry of over E = Q"’’ is the space DpstiV) with 
action 

rv{w){d) = L{w)ip~''^'"\d) 

where l : Wq^ —>■ Gq^ is the inclusion and u(w) £ Z is such that Frob'^^’"^ is the 
image of w in Gp^. 

From now on we are interested in F = (Ind^,^ Qp)(l — r). Here one has 
DpstiV) = (ind^"; Q-) • rv = (indj;;:^^ 

and we notice that ry is the scalar extension from Q“’’ to Q“’' of the represen¬ 
tation (Ind|^^ So completion of is not needed in this example. 

Associated to ry ®Qur Qp is an e-factor in e(ry) £ Qp = Ari(Qp). However, as 
explained above before ©, ry carries a left action of Qp’'[G] commuting with the 
left Wqp- action, so we will actually be able to associate to ry ®Q«r Qp a refined 
e-factor 

e(i^/Qp,l-r) £i^i(Qp[G]). 

For each y £ G define a representation of Wq^ over E = Qp hy 

(8) Wq^ 4 Gq^ A G ^ GLd, {E) 

where : G ^ GLd^{E) is a homomorphism realizing y. Let E'^^ be the space of 
row vectors on which G acts on the right via p-^ and define another representation 
of Wqp over E = Qp 

ry,^ = E'^- rv = E^^- (Indj;;;^^ . 

By® the left WQp-action on this last space is given by the contragredient Vx(V'('?)) ^ 
of r^, twisted by the unramified character with eigenvalue p^~'^. So we have 

rv,x = rxiP^~l 

where y is the contragredient character of y. We view the collection 

(9) eiK/Q, 1 - r) := (e(rvx))^eG = 

as an element of A'i(Qp[G]) in the description ®. 

3. The conjecture in the case p] |G| 

From now on and for most of the rest of the paper we assume that p does 
not divide |G| = [K : Qp]. In particular K/Qp is tamely ramified with maximal 
unramified subfield F. Although our methods probably extend to an arbitrary 
tamely ramified extension K/Qp (i.e. where p is allowed to divide [E : Qp]) this 
would add an extra layer of notational complexity which we have preferred to avoid. 
The group G = Gal(Ar/Qp) is an extension of two cyclic groups 

S := Gal(F/Qp) ^ Z//Z 
A := Gal(A:/F) ^ Z/eZ 
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where the action of ct S S on A is given by <5 i—>■ and we have e \ p-^ — 1. By 
Kummer theory K = F where po G has order e. We can 

and will assume that po has p-adic valuation one, and in fact that po = X ■ p with 
X G pf- Writing po = X' ■ p’^ with p'^ G Qp we see that K is contained in F'{^/^) 
where F' := F{\^y) is unramified over Qp and Pq is any choice of element in 
MQp ■ P = Pp-i ■ P- Since for the purpose of proving the local Tamagawa number 
conjecture we can always enlarge if, we may and will assume that 

K = F{^), Po G/Xp-i-p C Qp. 

We then have 

G = Gal(iG/Qp) ^ E K A 

since Gal(/f/Qp(^g)) is a complement of A. If (e,p — 1) = 1 then the fields 
K = F{^^) for Po G Pp-i • p are all isomorphic; in fact any Galois extension 
K/Qp with invariants e and / is then isomorphic to the field F(^/p). 

The choice of po (in fact just the valuation of po) determines a character 

(10) Po : A A p, c C Q7’^ C Q; 

by the usual formula 5 (^/Pq) = Po{S) ■ v^o" 

rj: F^ 


be any character of A and 

Ep := {g G E|V(5 G A 'q{g5g~^) = g{6)} 

the stabilizer of p. Then for any character p' : Ep —>■ Q”’’’^ we obtain a character 

p'piGp := Ep K A^Q7>x 

and an induced character 

X :=IndG,(p'p) 

of G. By |16) [Exerc. XVIII.7] all irreducible characters of G are obtained by this 
construction, and in fact each y G G is parametrized by a unique pair ([p], p') where 
[p] denotes the E-orbit of p. The degree of y is given by 

(11) rfx = X(l) = fv ■= P : Sp] = [Fp : Qp] 


where Fp C F is the fixed field of Ep. 

We have 

(TiTit) 

where (resp. Cp/p) is the representation of (resp. Wp^) defined as in ([8]). 
By [21] [Ch. VI. Cor. to Prop.4] we have 


cPx) = /r;C(rp) 


0 p = 1 
fv ?7 7^ 1- 


Using b), c) and a) of section [221 we have 

( 12 ) 

epx) epr,p) |g(p^)p^,(FrobFj“‘=(’’’'^ = p(rec(p))T(rpj,i/>p)p'(crF)-i p^l' 
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3.1. Gauss sums. If k,^ denotes the residue field of Fri, we have a canonical char¬ 
acter 




where the first arrow is reduction mod p. On the other hand we have our character 


r a ■ 


/^ah /-tab P. 

'-'Fr, ^ 


ip 


of order dividing e. So there exists a unique G Z/eZ such that 


(13) 




= ^;™r,(p^''-l)/e 


and formula 0 gives 
where 

nuj ) ■■= 2_^ uj{a) Cp 

is a Gauss sum associated to the finite field kr^. The p-adic valuation of these sums 
is known: 

Lemma 1. For 0 < j < — 1 let i = io + pii + p^i 2 -f • • • -f if^-ipf^~^ be the 

p-adic expansion with digits 0 < ij < p — 1. Then 


, ! jo + *iH -l"*/,-i ^ 

^-T 

p — 1 \pjv — 1 

^ j=0 


where Vp : Q is the p-adic valuation on Qp normalized by Vp(p) = 1 and 

0 < {x) < 1 is the fractional part of the real number x. 

Proof. This is p5][Prop. 6.13 and Lemma 6.14]. □ 


Corollary 1. For all p G A we have 



After this interlude on Gauss sums we now prove a statement about periods of 
certain specific elements in K which will eliminate any further reference to e-factors 
in the proof of GonjectureH) 

Proposition 3. Let K/Qp be Galois with group G of order prime to p. Then any 
fractional Ok- ideal is a free Zp [G] -module of rank 1 and 

(e(cx))xeG • [Per(6)] G im(A:i(Z;’'[G])) 

for any Zp[G]-&aszs b of the inverse different (^/Pq) Ok = if/Po) ^k- 

Proof. This is a classical result in Galois module theory which can be found in m 
but rather than trying to match our notation to that paper we go through the main 
computations again. In this proof a will temporarily denote a generic element of E 
rather than the Frobenius. 
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The image of [per(6)] in the x-component of the decomposition ([5]) is the x d^- 
determinant 


[per(6)]x := det ^ g{b) -g M = det ^ ^ ^ 


■ 




seG 


This character function is traditionally called a resolvent. With notations as above, 
(^o) ^ Zp[G,,]-module with basis a{b) where a £ Gp\G = Sp\S 

runs through a set of right coset representatives. The image of this basis under the 
period map is 


-1 


per(cr(&)) = gaib) -g ^ = Y XI ■ g 

g^G reE^\Xl yg^Gri 

and if X = Indg (xO is an induced character we have by [13] [(5.15)] 


Px 


Y 5(^) -9 ^ = X ^9^{b) ■ Px'ig) ^ 


KgeG 




In our case of interest x' — v'v is a one-dimensional character. Write 

b = ^ ■ X 

where x is an Gir[A]-basis of (^q) Ok fixed by E and ^ a Zp[E]-basis of 
Of- Then writing g = 5a' with <5 £ A and a' £ Ep this matrix becomes 

and its determinant is 


det X V'cr(^)r?'(cr') ^ 




n X'^ ^5t{x) -gidy 

rGSj7\S (5€A 


The first determinant is a group determinant [23] [Lemma 5.26] for the group Ep\E 
and equals 

G ■= n X [ X=n X 

yo-'eEp / (^eE 

where this last product is over all characters k of E restricting to g' on Ep. The sum 
StreE clearly lies in since its reduction modulo p is the projection 

of the Fp[E]-basis f of Ge/(p)®Fp®’p into the K-eigenspace (up to the unit |E| = /), 
hence nonzero. So we find 

(14) 

We now analyze the second factor 

•= n X ■ Vi^) 

SgA 


-1 
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which is the product over the projections of x into the rf -eigenspaces for i = 
0,— 1 (up to the unit |A| = e). For 0 < j < e the eigenspace of the 
inverse different is generated over Of by (^q) ^ and since x was a OF[A]-basis 

of the inverse different its projection lies in • (^/Pq) ^ ■ So by Lemma [5] below 
we have 

and hence 
(15) 


/,-i 


(^o)’ 


( — mn) 


C K 


2 = 0 


fr,-l 

i=0 


-rUr^P 




using Corollary [Hand the fact that p = Po checks that tpp) G Qp’'(Cp) 

is an eigenvector for the character 

pfv-1 

P-1 

0 = Vo 

of the group Gal(Q"’'(Cp) Since Xp is an eigenvector for g~^, equation 

(IT^ then implies 

'r(cp,tt,i/’p) • Xp G 

Combining this with (fTdll and ( 1121 ) we find 


and hence 


Ax) ■ [Pei'(^)]x = P(rec(p))r(r^,j, V'p)i?'(ct^'') • Xp ■ ^p> G Z^’'’ 
AAx))xeG ■ [peK^)] e im(iFi(Z“’'[G])). 


□ 


Lemma 2. IFe have rj = where po is the character U0\} associated to the 
element po of valuation 1 and mp was defined in m- 

Proof. It suffices to show that the composite map 

mrj 

: Mp/,-1 CF^ ^ Gf ^ Gal(iG/F) ^ p, 

agrees with the mp{p^^ — l)/e-th power map. By definition [T7] [Thm. V.3.1] of the 
tame local Hilbert symbol and the fact that our map rec is the inverse of that used 
in m we have 


/(C) = (- 


F 


which by [T7] [Thm. V.3.4] equals 


F 


/ B \ 


_ —l)/e 


where a = Vp{p^^) = mp and fi = Vp{( ^) = 0 . 
Denote by 7 a topological generator of 

r := Gal((Qp(Cp=.)/Qp) 

and by 

: Gal(Qp(Cp=o)/Qp) - 


□ 
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the cyclotomic character. As in the proof of Prop. [3] choose b such that 

Zp[G]-6 = Ok- 

Denote by ei = |^ Sgesff ^ ^p[S] the idempotent for the trivial character of E. 

Proposition 4. If p\ |G| then one can choose /3 G — r)) such that 

H\K, Zp(l - r)) = H\K, Zp(l - r))tor 0 Zp[G] • P 
and the local Tamagawa number conjecture is equivalent to the identity 


[(r - 1)!] • ■ [Per(^)] ^ ’ [per(exp*(/3))] • [Cp] 


-1 


1— P 


r — 1. 


1 — P ’’(7 


r^r-l 


= 1 


in the group A'i(Q“’’[G])/im A'i(Z“''[G]). The projection of this identity into the 
group is 


[(r - 1)!] • [per(exp*(/3))]i. • 
and in the components of Ki 


XCyclo(^)r _ 


-ei 


1 - ei 



1 — p*" 


1 — p~^a~^ 


^cyclo^^^r-l _ 

"[G])/ im Ari(Zp’'[G]) indexed by x = { 
r]\Ga.l(K/KnFiCp)) ^ 1 

this identity is equivalent to 

(16) ((r - 1)!)^'- • • [per(6)]-i ■ [per(exp*(/3))]^ G Z^-A 


= 1 
p') with 


Proof. If p t |G| then the module H^{K, Zp(l — r))/tor is free over Zp[G] since this 
is true for any lattice in a free rank one Qp[G]-module. The first statement is then 
clear from (|9]) and Prop. [H 
Since 

i?r(i^,Zp(l - r)) = RT{F,Zpil - r)) 

the projection [Cpjp of [Cp] into Ari(Q“’'[E])/im Ari(Z“’’[S]) is the class of the 
complex 

H\F,Zp{l - r))to,[-l] © H\F,Zp{l - r))[-2] 
and both modules have trivial E-action. Any finite cyclic Zp[E]-module M with 
trivial E-action has a projective resolution 

0 ^ Zp[E] 2p[E] ^ M ^ 0 

and the class of M in A'o(Zp[E], Qp) is represented by [|M|ei+l—ei]“^ G Ari(Qp[E]). 
Using Tate local duality we have 

[G;,];^ = [H^{F,Zp{l - r))tor]-^ ■ [H\F,Zp{l - r))] 

= [H°{F, Qp/Zpil - r))]-i • [H°iF,Qp/Zp{r))] 

= - l)ei + 1 - ei] • [(x^^='°(7)’' - l)ei + 1 - ei]-i 

- [ Xcycio(^)r_i ei + 1 - eij . 

By Prop. [3] [per(6)]^ is a p-adic unit if p = 1 which gives the second statement. 
The third statement follows from the fact that Gal(Ar/Ar fl F{(jp)) acts trivially on 
Rr{K, Zp(l — r)) which implies that [Cp]^ = 1 if the restriction of p to Gal(Ar/Ar fl 
F{(jp)) is nontrivial. □ 
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4. The Cherbonnier-Colmez reciprocity law 

Now that we have reformulated conjecture |4] according to Prop. |4] we see that 
we must compute the image of exp*(/3). In order to do this we will use an explicit 
reciprocity law of [6], which uses the theory of ((^, Pk)- modules and the rings of 
periods of Fontaine. Rather than developing this machinery in full, we will give 
only the definitions and results needed to state the reciprocity in our case; the 
reader is invited to read [6] to see the theory and the reciprocity law developed in 
full generality. 

4.1. Iwasawa theory. In this subsection and the next we recall results of [6] 
specialized to the representation V = Qp(l). For this discussion we temporarily 
suspend our assumption that p f IGj. So let RT again be an arbitrary finite Galois 
extension of Qp, define 

Kn = KiCp^), 

mGN 

Tk ■■= Gal{K^/K), Ak = Zp[[Gal(iFoo/Qp)]] 

and 

HZ{K,Zp{l)) = ]^H^{K^,Zp{l)) ^ ^iJ™(iF,Indg^^ Zp{l)) ^ H^{K,T) 

n n 

where the inverse limit is taken with respect to corestriction maps, the second 
isomorphism is Shapiro’s Lemma and 

T := ^Indg^^ Zp(l) ^ ^Zp[Gal(Rr„/Rr)](l) ^ Zp[\r k]]{1) 

n n 

is a free rank one Zp[[ri<-]]-module with G_R--action given by where 

ij) : Gk Tif C Zp[[F/f]]^ 

is the tautological character (see the analogous discussion of ([2])). From this it is 
easy to see that for any r S Z one has an exact sequence of GRr-modules 

(17) 0 ^ T T -> Zp(r) ^ 0 

where jk G Fx is a topological generator (our assumption that p is odd assures 
that Fx is procyclic for any K). It is clear from the definition that 

( 18 ) HTJK^Zpil)) - HTJKn^M^)) 

for any n > 0. So Zp(l)) only depends on the field iFoo, and it is naturally 

a Aif-module. Since our base field K was arbitrary an analogous sequence holds 
with K replaced by Kn and T by the corresponding Gr:^- module Tn so that T = 
Indg)) Tn- In view of (fT^ we obtain induced maps 

(19) pr„_, : HUK,Zp(l)) ^ H\K^,Zp{r)) 

for any n > 0 and r G Z. 

Lemma 3. Set 7 „ = 7 r-„ . If r ^ 1 then the map pr„ ^ induces an isomorphism 
HUK,Zp{l))/{^^ - x^^^^°{ln)^-lHUK,Zp{l)) - H\K^,Zp{r)). 
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Proof. The short exact sequence Czl) over Kn induces a long exact sequence of 
cohomology groups 


0 -- H°JK, ^ nyjK, -- H^{K^,Z,{r)) 



H^K^,Zp{r)) -^ 0 . 


By Tate local duality there is a canonical isomorphism of Gal(i4r„/iir)-modules 

for each n, and the corestriction map is the identity map on Zp. Hence 

Hj^{K,Zp{l))^Zp 

with trivial action of ^k^- This implies that for r 1 multiplication by 7 „ — 
^cycio(^^)i-r ^ I _ ^cycio^^^^i-r jg injective On H'j.^{K,Zp{\)). Hence pr„_^ is 
surjective and we obtain the desired isomorphism. □ 

4.2. The ring Ak and the reciprocity law. The theory of (v?, Tif )-modules [ 6 ] 
involves a ring 

Ak = OF'[[7r/c]][—] = < an^K ■ an e Of', lim a„ = 0 

TTlV' ‘ ^ n—^ — co 

KnGZ 

where ttk is (for now) a formal variable and F' D F is the maximal unramified 
subfield of Kao- The ring Ak carries an operator ip extending the Frobenius on 
Of' and an action of Tf- commuting with p which are somewhat hard to describe 
in terms of •kk- However, on the subring 

Ap' = C>F'[[7r]][—] C Ak 

IT 

one has 

(20) 1^(1 + f ) = (1 + f )^’, 7(1 + f ) = (1 + f )^ 

for 7 S Tk- 

The ring Ak is a complete, discrete valuation ring with uniformizer p. We denote 
by Ek — k{{nK)) its residue field and by Bk = Ak[1/p] its field of fractions. We 
see that p{Bk) is a subfield of Bk (of degree p), and thus we can define 

and 

M — p ^Bk/vBk 

as further operators on Bk- We observe that if / G Bk, then 

V'(V5(/)) = /• 

Thus if is an additive left inverse of p. We write A'fr^ C Ak for the set of elements 
fixed by the operator if. The (p, rF:)-module associated to the representation 
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Zp(l) is Ak{^) where the Tate twist refers to the Tx-action being twisted by the 
cyclotomic character. 

By [^[111.2] the field Bk is contained in a field B on which ip is bijective and 
B contains a Gif-stable subring Sb" consisting of elements x for which (p~'^{x) 
converges to an element in BdR. So one has a Gif-equivariant ring homomorphism 

, Btn ^ BdR 

which again is rather inexplicit in general but is given by 

- 1 

on the element tt. 

We can now summarize the main result [^[Thm. IV.2.1] specialized to the 
representation V = Qp(l) as follows. 

Theorem 1. LetK/Qp be any finite Galois extension and 

Aif :=Zp[[Gal(Koo/Qp)]] 

its Iwasawa algebra. 

a) There is an isomorphism of Ar- modules 

: HUK,Zpil)) ^ Ap\l). 

b) There is uq G X so that for n > uq the following hold 
bl) Ap'^ C St." 

b2) The GR-squivariant map : Ap^ —>■ BdR factors through 
: Ap^ ^ X„[[t]] C BdR. 

b3) One has 

OO 

p"’"(^“”(Expz^(u)) = ^expQ^(^)(pr„ 
r— 1 

for any u G Zp(l)). 


Theorem [T] contains all the information we shall need when analyzing the case 
of tamely ramified K in section |6| below. However, the paper contains further 
information on the map ExpJ^ which we summarize in the next proposition. We 
shall only need this proposition when reproving the unramified case of the local 
Tamagawa number in section [5] below. First recall from [^[p.257] that the ring Br 
carries a derivation 

V :Br^ Br, 

uniquely specified by its value on tt 

V(7r) = 1 -b TT. 


We set 


and denote by 


V log(x) 


X 


M :=]^M/p^M 

n 


the j9-adic completion of an abelian group M. 
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Proposition 5. There is a commutative diagram of Ak- modules where the maps 
labeled by = are isomorphism. 

HjjK,Zp{l)) 



Proof. The isomorphism 6 arises from Kummer theory. The theory of the field of 
norms gives an isomorphism of multiplicative monoids [^[Prop. 1.1.1] 

^m Ok^ 

n 

which induces our isomorphism l,k\u after restricting to units and passing to p-adic 
completions and our isomorphism by taking the field of fractions and passing to 
p-adic completions of its units. 

By [B][Cor. V.1.2] (see also [S] 3.2.1 for more details) the reduction-mod-p-map 
is an isomorphism. 

By [6] [Prop. V.3.2 iii)] the map Vlog makes the upper triangle in our diagram 
commute. Since all other maps in this triangle are isomorphisms, the map V log is 
an isomorphism as well. □ 


4.3. Specialization to the tamely ramified case. We now resume our assump¬ 
tion that p does not divide the degree of [K : Qp] together with (most of) the 
notation from section O In addition we assume that 


Cp€K 

which implies that Kao/K is totally ramified and hence that F = F' is the maximal 
unramified subfield of Koc- The theory of fields of norms [B][Rem. 1.1.2] shows that 
Ek is a Galois extension of of degree 

e := [Koo : T’oc] = [K : F(Cp)] 


with group 

Giil{EK/EF) = Gal(ifoo/Foo) = Ga\{K/F{Cp)). 

Note that with this notation the ramification degree of K/Qp is e(p — 1) whereas 
it was denoted by e in section [3l The element po of section [3] we choose to be —p, 
i.e. we assume that 

K = F{ 

An easy computation shows that {(p — 1)^’“^ = —p ■ u with m G 1 -f (^p — l)Zp[^p] 
and hence we can choose the root (p-f)/—p such that 

(21) Cp - 1 = ■ u 

with u' G 1 -f (<(p — l)Zp[(p]. By Kummer theory we then also have 


K = F{^/c;^) 
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and Bk = Any choice of ttk = ^ fixes a choice of 

\/Cp - 1 = ‘^”^(7rAr)|t=o 

and of 

^Cp - 1 • 

We have 

S K A 

with E cyclic of order / and A cyclic of order e(p — 1) and 

Ax ^ Zp[[G X Tk]] = Zp[E k A] [[71 - 1]] 
where 71 = 7 ^“^ is a topological generator of Fx- 
Proposition 6. There is an isomorphism of Ak- modules 
H}^{K,Zp{l)) ^ Ax • Pin, 0 Zp(l). 


Proof. In view of the Kummer theory isomorphism 

S : A{K^) ^ HUK,Zpil)) 

it suffices to quote the structure theorem for the Ax-module A{Koa) given in 
[T 8 ][Thm. 11.2.3] (where k = Qp and our group E x A is the group A of loc.cit). 

□ 

In view of Lemma [3] we immediately obtain the following 
Corollary 2. There is an isomorphism of 1p[G]-modules 

- r)) ^ Zp[G] •/3 © - r)W 

where /3 = pi'o i_^(/3/u,) = pri_i_^(/3/^,). 

Proof. This is clear from Proposition [ 6 ] and Lemma |3| (with r replaced by 1 — r) in 
view of the isomorphisms 

Zp[G]^Ax/(7i-X^"^‘°(7ir)Ax 

and 

Zp(l)/(7i - X^^^'°(7i)’’)Zp(l) =Zj,/(x=y^'°(7i) - x=y^'°(7i)’')Zp 

^H°{K,Qp/Zp{l-r))) 

^H\K,Zp{l-r))tor- 

□ 

If we choose the element /3 of Cor. [2|to verify the identity in Prop. ID it remains 
to get an explicit hold on some Ax-basis /3/u,, or rather of its image 

( 22 ) a = Expl^{f)i^)GAp\l). 

Since a is a (infinite) Laurent series in ttx it will be amenable to somewhat explicit 
analysis. In the unramified components of Prop. SI (ry = 1) we can compute a 
in terms of the well-known Perrin-Riou basis (see Prop. | 8 | below) which is a main 
ingredient in all known proofs of the unramified case of the local Tamagawa number 
conjecture. In the other components (77 ^ 1) we shall simply use Nakayama’s 
Lemma to analyze a as much as we can in section [6l 
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In order to compute exp^ we also need to be able to apply Theorem [T] for 

n = 1. 

Proposition 7. Part h) of Theorem[J\ holds with uq = 1. 

Proof. It will follow from an explicit analysis of elements in in Corollary [7] 

below that ip~^{a) converges for a G Aff~^ which shows bl). Since 7r|f = tt and 
(^“"(tt) = — I it is also clear that the values of on Ak, if convergent, 

lie in F{f/Cpr^ — l)[[i]] = This shows b2). By [B][Thm. IV.2.1] the right 

hand side of b3) is given by T„(/j“™(ExpJp(it)) for m > n large enough (see the next 
section for the definition of T„). The statement in b3) then follows from Corollary 
El below. □ 

4.4. Some power series computations. The purpose of this section is simply 
to record some computations justifying Theorem [1] b3) for n > 1. Another aim is 
to write the coefficients of the right hand side of[T]b3) in terms of the derivation V 
applied to the left hand side. First we have 

Lemma 4. Suppose (/?”"/ and V/) both converge in B^r. Then 

Proof. This is [6][Lemme III.2.3]. It’s enough to check that and p" 

both agree on 1 + tt, since they are both derivations. We see that 

p-”V(l + ^) = p-"(l + tt) = Cp"e‘/P" 

□ 


The next Lemma shows that V is compatible with other operators that we have 
introduced. The ring B is defined as in [Bj. 


Lemma 5. Let f G Br. Then we have 

(a) Vlf = • l^f ■ 

(b) Vipf = p-ipVf. 

(c) V Trs/^^s / = Trs/^^s V/. 

(d) Vijif =p-^ • lAV/. 


Proof. This is a straightforward computation. For example, to see (c) note that 
(1 + tt)*, i = 0,... ,p — 1 is a (pi3-basis of B and 


p ■ tpxQ. 


Hence 


TTB/^six) = Ttb/^b = 

Ttb/,pb{'^x) = Ttb/:pb 

(to Vipxi ■ (1 + tt)* + ifXi • i • (1 + tt)*^ 

= Tr^/^s T (j>yxi Pxi-i)- {1 + tt)*^ 

=pVVa;o = V{p-(pxo) = VTiB/ipsix). 
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See [9] Lemma 3.1.3 for more details. □ 

Recall the normalized trace maps 

Tfi ■ Koo Kn 

from [^[p.259] which are given by 

Tn{x) = TvKr„/K„ X 

for any m > n such that x S Km, and extend to a map 

Tn : K^[[t]] ^ K4[t]] 

by linearity. By [^[Thm. IV.2.1] the right hand side of Theorem [I] b3) is given 
by Tnif~'^{f) for / = G and m > n large enough. In order to get 

access to individual Taylor coefficients of the right hand side we wish to compute 
but from Lemmas 0] and [S] we see that 

and thus we can study the map Tn(p~'^ on . But since tpVx = pVijjx, 

we see that C , and so we wish to study Tn(p~'^ on A'^^ 

Lemma 6. Let P G he such that 

{p-pm := p-P\t=, 
converges and assume m> n. Then if n > 1 we have 

(23) (T„v3“™P)(0) = 
and if n = 0 we have 

(24) {Top-^Pm = p('-i)™(l - p-V-i)((p-°P)(0). 

Proof. Since P G A'ffr^ , we know that 'ip{P) = ^P and thus that 

P”’'TrB/^B(P) = p{P). 

Recall that we can choose ttk so that 7r|f = tt. Then {((1 + 7r)(^ — I)^/® : C, G Pp} is 
the set of conjugates of ttk over p{B) in an algebraic closure of B, so this gives us 

p-^ pm+m - mi = Pin+m - mi- 

Whenever converges for some I G N, the operator P\t^Q corre¬ 
sponds to setting tt = (pi+i — I and applying to each coefficient. We get 

( 25 ) p-^ Y. n • - mi = p^" ((Cp‘ -1)'/")- 

If / > 1, this simplifies to 

p-^TrK,^,/K, - 1)^/^) = P'^-‘((Cp< - 1)'/'=), 

and by induction, we see that for any I < n < m, 

(26) pm-rim-n)j,^pa— ^ pa’" 
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Since P'^ ""((Cp™ ~ = {'f "*^’)(0)) this proves equation (l23l) . If Z = 0 then 

equation (l25|l becomes 

p-’'E Np - 

C^/^p 

The left hand side is now equal to 

p-rp^-^ (0) + p-r _ l)l/e) 

and we have 

- if'l) = (1 -p-v-i)((^-°p)( 0 ). 

By induction we get 

p”^-™ToP"-“((Cp^ - 1)'/") = (1 -p-V)(vp-°P)(0) 
which proves equation (IMl) . □ 

Corollary 3. If P € is such that ip~^P converges and m> n then we have 

Tnp-^P = p-^p-^P 

if n > 1, and 

ro^-™p = (i-p-V-i)(^-°p 

ifn = 0. 

Proof. This follows by combining Lemma [B] for all r. □ 

5. The unramified case 

In this section we reprove the local Tamagawa number conjecture (|T]) in the case 
where K = F is unramified over Qp. This was first proven in [2] and other proofs 
can be found in [20] and [1]. The proofs differ in the kind of ’’reciprocity law” 
which they employ but all proofs, including ours, use the ”Perrin-Riou basis”, i.e. 
the Ai?-basis in Prop. |S| below. 

5.1. An extension of Prop. in the unramified case. In this section we use 
results of Perrin-Riou in |19j to extend the diagram in Prop. [5] to the diagram in 
Corollary |S| below. Define 

Pe := >1 E ^ ^ 

n>0 

Pf '■='Pf/ pOF[[Td\] 

pF.iog :={/gPf:(p-¥^)(/) = 0} 

PF.iog :={/ GPf ■ f & Pu.iog} 

={/ GPf ■■ {p- p)(.f ) e pOf{[tt]]} 

C’F[[7r]]iog :={/ G C>F[[7r]]^ : / mod pOf[[tt\] G 1 -f 7rfc[[7r]]} 

=1 -b (7r,p) 
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Note that Vf is the space of power series in F whose derivative with respect to tt 
lies in Observe that the map dlog is given by an integral power series, and 

therefore log Of [[t]] log O Vf where the logarithm map 

log(l + x) = 

n>l 


is given by the usual power series. Since ip reduces modulo p to the Frobenius, i.e. 
to the p-th power map, the logarithm series in fact induces a map 


log : OFllTiJliog 'Pf, log- 


We wish to show that this map is an isomorphism, and to do this we first recall 
Lemmas 2.1 and 2.2 from m- 

Lemma 7. Let 


/ e 1 + 7rA:[[7r]] = Gm(fc[[7r]]) 


and let f be any lift of f to OFiluJliog- 


Then 


log(/) mod pOf[[tt]] S PF.iog 


does not depend on the choice of f, and the map f i—>■ log(/) mod pOfIM] is an 
isomorphism log;;. : 1 + 7rfc[[7r]] —>■ pF.iog- 


Lemma 8. Let f € VF.iog- Then the sequence converges to a limit 

fco g VF.iog, and we have: 

(1) f^ = f mod pOfIM] 

(2) f}{f°°)=p-'^f°° 

(3) (1-p-V)/°°GOf[M] 

(4) r = 0 if f^OFlM 

(5) f^ = if f = 9 mod pOf[[ti-]]- 


Corollary 4. (1) The map log : OF[[T]]iog PF,iog is an isomorphism. 

(2) One has a commutative diagram of isomorphisms 


1 + 7rA:[[7r]] 


Pp.log 
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Proof. To see the first part, note that we have a commutative diagram 

1 0 


l+pOF[[n]]^pOF[[n]] 
OF[[7r]]iog-^ 'Pp.iog 


1 + 7rfc[[7r]]- Pf, log 


1 0 . 

and that the logarithm map on 1 +pO/7’[[7r]] is an isomorphism since its inverse 
is given by the exponential series. By the five lemma, the middle arrow is an 
isomorphism. To see the second part, it suffices to note that Lemma [8] shows that 
any element in Pp.iog has a unique lift in Ppfog logA/'(ai) = p'ip\og{x). 

□ 


Corollary 5. For K = F the commutative diagram from Prop. 0 extends to a 
commutative diagram of Ap-modules: 




/{F^y 


U = 




■E^ 


mod p 


Vlog 


1 + 7rfc[[7r]] 


mod p 




Jlog 


log 


■At=\l) 


■p 


1p=p 

F.log 


Proof. This is immediate from Corollary H] (2). □ 

This diagram allows to determine the exact relationship between Ppf^g 

since the relationship between A{Fac) and U is quite transparent. There 
is an exact sequence of Af-modules 

0 -^U ^ A{F^) Zp ^ 0 

where v is the valuation map and Zp carries the trivial E x T-action. By [18] [Thm. 
11.2.3], already used in the proof of Prop. [51 there is an isomorphism 

(27) A(Foo)=Af©Zp(1) 

and the torsion submodule Zp(l) is clearly contained in U. Hence we obtain an 
exact sequence 

0 —>■ Ut{ —>■ A{Foa)ti —> Zp —>■ 0 

where Mtf := M/Mtors- The module A(Foo)tf is free of rank one and since the 
E X T-action on Zp is trivial we find 


Ut{ = I ■ A{Foo)ti 
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where 

I :=((T — 1,7—l)CAir 

is the augmentation ideal. 

Lemma 9. The augmentation ideal I is principal, generated by the element 

(1 - ei) + (7 - l)ei 

where ei G Zp[S] is the idempotent for the trivial character ofYi. 

Proof. This hinges on our assumption that p does not divide the order of E which 
implies that ei has coefficients in Zp. Using ef = ei we then find immediately 

(7 - 1 = (cr - l)(l - ei) = (cr - 1)(1 - ei) • [(1 - ei) + (7 - l)ei], 

7 - 1 = ((7 - 1)(1 - ei) + ei) • [(1 - ei) + (7 - l)ei]. 

□ 

Lemma 10. There are elements a € a € PpfJ’g such that 

(1) A%=\l) = KF-a®1p{V)-l, 

(2) = Af • d © Zp • log(l + tt), 

(3) Vd = ((1 - ei) + (7 - l)ei) • a. 

Proof. Part (1) follows from ((27ll and Corollary [5l For part (2) one checks easily 
that Zp • log(l + tt) is the torsion submodule of PpJog O^pTog )tf 

of rank one over Af, since it is isomorphic under V to the free module 

/ • a = Af • ((1 — ei) + (7 — l)ei) • a 

by LemmalU Note that we view a here as an element of Af( 1), i.e. the action of 
7 is times the standard action (1211 of 7 on Af- Setting 

d := V~^((l - ei) + (7 - l)ei) • a 

we obtain (3). □ 

5.2. The Coleman exact sequence and the Perrin-Riou basis. Lemma [TOl 
tells us that (Vpfag ) ^ generated over Af by a single element d, but not what 

this d is. By studying one more space, C>f[[7i]]’^^°, we are able to describe d and 
hence a. 

Proposition 8. (1) There is an exact exact sequence of Ap-modules 

(28) 0 —> Zp • log(l + tt) —^ 'Pp.iog -^ Zp(l) —^ 0. 

(2) Op[[7rr-^ is a free Ap-module of rank 1 generated by ^(1 + tt), where 
f € Op is a basis of Op over Zp [S]. 

Proof. Part (1) is Theorem 2.3 in [19] and goes back to Coleman’s paper |7]. See 
also [9] Proposition 4.1.10. Part (2) is Lemma 1.5 in [1^. □ 

Corollary 6. The bases a and d in Lemma \Tn\ can be chosen such that 

(29) (1 - ifi/p) • d = ((1 - ei) + (7 - X''^‘'^°( 7 ))ei) ■ C(1 + tt). 
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Proof. The cokernel of {1 — (p/p) in ([28|) is isomorphic to 

so the image of (1 — p/p) must be (cr — 1 ,7 — ' C(1 + ’’■)• As in Lemma[9] 

we can show that this ideal is principal, and is generated by 

(l-ei) + (7-x"^^'°(7))ei. 

□ 


5.3. Proof of the conjecture for unramified fields. We now have the tools 
we need to explicitly compute exp^ Zp(l — r))) and prove the equality of 

Proposition |4] for K = F (i.e. e = 1). By Lemma [3] we can take 

13 := Wq,i-t{I3iw) 

where j3iw satisfies 

(30) a=Expz^(^/^) 

VS =((1 - ei) + (7 - l)ei) • a 
(1 - p/p) ■a = ((l- ei) + (7 - X''^‘''°( 7 ))ei) • ^(1 + tt) 

using (HID, Lemma [TUI (31 and (I29p . We cannot immediately apply Theorem [T] to 
n = 0 but going back to [6][Thm. IV.2.1] we have 

00 

J2^^Pk(r)(P^0,l-r(u)) ■ = Top-’^ExpzJu). 


Applying this to 
(31) 

assures that 


M = ((1 - ei) + (7 - l)ei) • Ply 
ExpL(u) = VS e OfWtt]] 


and therefore 

p-'^P := ExpJ^(w) = ^-0V’'S 

converges in BdR for any r > 1. Lemma | 6 | then implies 

expQ^(^)(pro,i_^(w)) = T^p-^ Explain) 


(r 

-1)! 


1 

(r 

-1)! 


1 

(r 

-1)! 


1 




rop-(’'-i)’-(^-™v’'-iExpj fw) 


t =0 






(1 — p )V^a 


7r=0 


(r- 1 )! 

Applying V to (1^ and using Lemma [Sj we have 

(1 - p’--V) • V'S = ((1 - ei) + (X"^^'°(7)’'7 - X^^^'°(7))ei) • V'Cll + it ) 

= ((1 - ei) + (x""^‘°(7)’'7 - X^^"'°(7))ei) • ?(1 + ^) 
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and so we find 

expS,(„(pr„,.-JU) ■ ((1 - 'i) + ■ {■ 

By Lemnia[3]the action of 7 £ Ap on H^{F, Zp(l—r)) is via the character 
hence for our choice (I5T]| of u we have 

pro,i-r(u) =((1 - ei) + - l)ei) • pro4_^{/3/^„) 

=((l-ei) + (x^y^i°(7r-l)ei)./? 
and we can finally compute 

p * rqx 1 (1 - ei) + (x^y^‘°( 7 )’~ - x^^^‘°( 7 ))ei , 

^PQp(r)lPl (r_l)!’ l-p’-ifT ’ (1 - ei) + (x'= 5 '='°( 7 )’'- l)ei 

This verifies the identity of Prop. H) 

6 . Results in the tamely ramified case 

We resume our notation and assumptions from subsection 14.31 Our first aim in 
this section is to prove Prop. [T3]below which is a yet more explicit reformulation of 
the identity (TTH)) in Prop. IH We then prove this identity for e < p and r = 1 as well 
as for e < p/4 and r = 2. In the isotypic components where ??|Gai(A'/F(c )) = 1 this 
can easily be done (for any r) using computations similar to those in subsection l5.3l 
with 

/3l := P^iS-riPlw) 

and /3/u, defined in (1501) . The notation here is relative to the base field K = F. 

In any case, the equivariant local Tamagawa number conjecture is known for any 
r in those isotypic components by [T]. We shall therefore entirely focus on isotypic 
components with 

»?lGal(if/F(Cp)) ¥= 1- 

In this case we need to verify equation (1161) . The main problem is that we do not 
have any closed formula for a A^f-basis of (the torsion free part of) We shall 

analyze a general basis using Nakayama’s Lemma and to do this we first need to 
analyze which restrictions are put on a power series 

a = ^ ^ OnTT^ £ Ap 
n 

by the condition 'i/’{a) = a. 

6.1. Analyzing the condition '0 = 1. The main result of this subsection is Prop. 

[TOl below which gives the rate of convergence of a„ —>■ 0 as n —)> —00 for a £ 

Definition 1. For n £ No and m £ Z(p) define 

bm,n ■■=p-^ Y. r(l-r')” 

=P”^TrQ(^^)/QC™(l - ifn > 1 

Clearly bm,n only depends on m (mod p). 
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Lemma 11. One has bm,n G Z and 


(32) 


0<n<p 

(-ira)-(-irL;p) p<n<2p 


where 0 < m < p zs the representative for m (mod p). Moreover, 


I n+p-2 

P L P-1 


J-i 


& 


m,n 


for n > 1 and hence 


for j[p - 1) < n < (j + l)(p - 1). 


P^ I ^m,n 


Proof. Formula (15^ follows from the binomial expansion of (1 — C and the fact 
that 

cit \p ^ I 

In particular = 0; 1 according to whether p \ m or p \ m. The different of the 
extension Q(Cp)/Q is (1 — Cp)^~^; so we have 


TrQ(c,)/Q (Cp™(l-Cp-')”)Cp"^Z 

^ ((1 - Cp)”) c (p^(i - Cp)"-^) = ((1 - 

-1— Tf _ 2 

<t^n>7V(p — l)+2—-. 

p- 1 


□ 


Definition 2. Define integers fin.j & 'Z by fiij := l(p for 1 < j < p — 1 and 

^ p—1 \ ^ n(p—1) 

yj=l / j=n 


Proposition 9. An element a = OiTr)^ G Ak lies in A^ ^ if and only if for all 
N G 1 one has 


(33) 


OO 

^ ^ ^A/'+en 
n =0 



6 jv 

e 


+n,n 


E 


Q N+je ^ 


0<n<j<n(p—1) 


/ N+je 


pe 

n 


Pn,j-p^ 


with the convention that Or = 0 for r ^1. The equation iSA) holds for all N G ^ 
if and only if it holds for all N G pZ. 

Proof. This is just comparing coefficients in the identity p~^ Ti'B/ifi{B){a) = <p(a). 
One has (p{n) = (1 + Tr)^’ — 1 = tt^ (1 + p • p) with y = X)j=i hence 


p { tk ) = tt^ • a • (1 + p • y)^/® 
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with A G /Xe and (1 + the binomial series. In fact, A = 1 since (p{ttk) = 
mod p. Therefore 


¥>w)=7rr(i+p-j/)^ = < 


pm 


n—0 


y -p 


=E 


n—O 



n(p-l) 


j^n 


and the coefficient of tt^ in ‘/^(a) = Em is 

m,n,j,N—pm — ej ^ ^ 

which is the right hand side of dSSl). The conjugates of tt over (p{B) are (l+7r)(^— 1 = 
TT * C-(i + (i — C hence the conjugates of are 


^ / m \ 

• c" • (1 + (1 - r')^-') ^ • c" • E (;) (1 - 

n=0 '' 

and 

^ / 22 l\ ^ / m 

p-' ■ E u b?."'-" = E : 

n—0 ^ n—0 ^ 

and the coefficient of tt^ in p~^ T'^B/ip{B) (a) is the left hand side of (l33l) . Note here 
that B{()/tp{B) is totally ramified so that all the conjugates must be congruent 
modulo 1 — C- 

Denote by (l33])m the equation (1331) modulo p™. By Lemma IT^ below. (l33)l i for 
all G Z is equivalent to ([33]) i for all N G pZ. We shall show by induction on 
m that this equivalence holds for all m. Suppose a G Ak satisfies ([33|) ^^i for all 
N G pZ. Let b G Afr^ be a lift of a G Ef^~^ which exists by Lemma [14] below, and 
write a — h = c ■ p. Then a — b satisfies (l33l) ^-i-i for all N G pZ, hence c satisfies 
(1^ ^ for all N G pZ. By induction assumption c satisfies (l33)l ^ for all iV G Z. But 
then p • c satisfies (IMl) ^+i for all N G Z, hence so does a = b + c- p. □ 



Lemma 12. An element a = Ez ^ ^tc ^ */ onlp if for all 

fc G Z one has 

p-i 

(34) T! Ofep+ne(~l)"' = Ofc- 

n =0 


Proof. The only nonzero term on the right hand side of (l33)l i is corresponding 

P 

to n = j = 0 , and the nonzero terms on the left hand side are for n, < p — 1 by 
Lemma [TT] For m G Z(p) one has 

m\ /n\ m(m — 1 ) • • • (m — n + 1 ) n! _J^ fh < n 

nj\fhj n\ rh\(n — m)\ If m = n 

since for ffi < n one of the factors in m{m — 1) • • • (m — n + 1 ) is divisible by p 
whereas for ffi = n this product is congruent to to! modulo p. For m > n one has 
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(m) ~ (™) (m) = ® whenever m ^ n. Using (|32ll the left hand side of (|33ll i is 

n=0 \ / \ / 

for m = + n. So the left hand side vanishes for N ^ pZ and is equal to the left 

hand side of (IMl) for iV = pfc. □ 

For later reference we also record here a more explicit version of (1331) 9. 


Lemma 13. Let Hq = 0 and Hn = ELi I harmonic number. Then 

holds if and only if for all k G Z one has 



Proof. The only nonzero term on the right hand side of (1331) 9 for N = kp is af 
corresponding to n = j = 0 since for n = 1 there is no 1 < j < (p — 1) with 
p I {N + je) = kp + je. The nonzero terms on the left hand side are for n < 2{p— 1) 
by Lemma [Til Note that for 1 < j < n < 2p only j = p is divisible by p. So 
computing modulo p^ we have 


n;=i +j) _n\ + f Y.U f + E 


l<jl<j2<ra hh 




, fcp^ 
e 


1 


1 + ^Tf, 


n < p 


[^ 1 + 7 + + (-) ■ p ■ H-n—p p < n < 2p. 

Here we have used T/p_i = 0 mod p and EJ=p+i j = Hn-p mod p. By 
have 

’D(-i)" = (-!)” ^<P 

= .^ 0 n = p 

(-ir-^((n-p)-(:)) P<n<2p 


-+n,n 


and 


n 

n — p 


{p-\-n— p){p + n — p — 1) • • • (p + 1) 


(n-p)! 

So the summand for n = p vanishes and for p < n < 2p we have 


n-p 




kp 


we 


~ ^ T -' P ' ^n-p ) (~1)" ^ ■ P ■ Hn- 


= (_1)"-P 

Lemma 14. The map 




1 g ) ' P ‘ ^n—p- 


^ is surjective. 


□ 
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Proof. This follows from the snake lemma applied to 

0 -)> Ak — - — Ak - Ek - 0 


1p — l 


'Ip — l 


-0 — 1 


0 -s> Ak — - —s> Ak - Ek -0 

and the fact that AkI{^ — E)Ak = = Zp (see [5][Rem. II.3.2.]) is 

p-torsion free. □ 


Definition 3. For a = e Ak and v > 1 we set 

lv{a) := min{i \p'' \ aj. 


In particular 

is the valuation of d G Ek ■ 


l{a) := li{a) = 


Note that I (a) is independent of a choice of uniformizer for Ak but l^{a) for 
u > 2 is not. 


Proposition 10. Let a € A'j^ 

a) For all y >1 we have 

lu{a) > 

In particular I (a) > —e. 

b) If l{a) < —e + e{p — 1) then 


y{p - I) + 1 

-• e 

P 


hia) > l{a) — e{p — I) 


while if I (a) > —e + e{p — 1) then hia) > —e. 

c) If l{a) < —e + 2e(p — I) and hia) > l{a) — e{p — 1) then 

hia) > l{a) — 2e{p — 1) 

while if l{a) > —e + 2e(p — I) and hia) > l{a) — e{p — 1) then 13 (a) > —e. 


Remark 1. Part b) is a small improvement of part a) for v = 2 and a with 

1(a) > —(2 -)e + e(p — 1) 

P 

while part c) improves a) for u = 3 and a with 

1(a) > —(3-)e + 2e(p — I) 

P 

and 12 (a) > 1(a) — e(p — 1). 


Proof. Suppose a 
(36) 




K 


G A^ Part a) is equivalent to the statement 


. v(p-l) + \ 
i < -• e 


which we denote by (l36l) ,, if we want to emphasize dependence on v. We shall prove 
by induction on u, the statement (IM)l n being trivial. Now assume (|36ll ,,/ for 
v' < V and assume \ Oi for some 


(y + l)(p-l) + I 
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We shall show that there is another i' < i with f ai'. Hence there are infinitely 
many i < 0 with \ at which contradicts the fact that a S Ak- This proves 
(I551) „^i . 

In order to find i' we look at the equation (l33l) for N = pi 


(37) E ^pi-\-en 
n—0 

and first notice that 


^S±+n,n - 


E 




l<n<pA<n(p—1) 


f + A 

n 




I a,+Ae 


ioi ^<X< This is because of 

p — — p 

(i^ +l)(p-1) + 1 n{p-l) {iy + l-n){p-l) + l 

i + Ae < -- e H-- e =-- e 


and the induction assumption. Since is a p-adic integer we conclude 

that divides the sum over A, n in the right hand side of (EZl) and hence does 
not divide the right hand side of (1571) . 

Considering the left hand side of (l37l) we first recall that Lemma ITT] implies that 

(38) P’ I ^^+n.n 

for j{p — 1) < n < (j + l)(p — 1). For n in this range we have 

(39) pi + ne <pi + {j + l)(p - l)e < -((z^ + l)(p - 1) + l)e + {j + l)(p - l)e 

= -{{v + l- j){p - 1) + l)e + {p- l)e 

(z2 +1 - j)(p-1) + 1 

<-- e 

P 

provided this last inequality holds which is equivalent to 

p{{v + 1 - j){p - 1) + 1) - p(p - 1) > (z/ + 1 - j){p - 1) + 1 
<t^(p- l)((z^ + 1 - j)(p- !) + !)> p(p- 1) 

((z^ + 1 - j){p - 1) + 1) > p 


So for for 1 < j < z/ inequality (1391) holds, and the induction assumption implies 


p^^+i-j 


^pi+ne • 


Using (l38l) we conclude that p‘^+^ divides all summands in the left hand side of (1371) 
except perhaps those with n < p (corresponding to j = 0). Since p"'^^ does not 
divide the right hand side, it does not divide the left hand side of dSH). So there 
must be one summand with n < p not divisible by p''^^ and hence some i' := pi + en 
with n < p — 1 so that p''^^ f ap. It remains to remark that 


(40) 


i' = pi + en < pi + e(p — I) < pi — i{p — 1) = i 


since i < —e. 

To prove b) we use the same argument. Assuming the existence of 
i < min{Z(a) — e(p — 1), —e — 1} 

with p^ ] Qi we find another i' < i with p^ \ ap. On the right hand side of (I37p . apart 
from of, all summands are divisible by p^ (note there are none with n = I since A 
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has to be an integer). On the left hand side, summands for n > 2{p—l) are divisible 
by by Lemma fTTl For p < n < 2{p — 1) we have, assuming l{a) < —e + e{p — 1), 

pi + en < p{l{a) — e{p — 1)) + 2{p — l)e = l{a) + {p — l)?(a) — {p — 2)(p — l)e 
< l{a) + (j>- l)(-e + e{p - 1)) - {p - 2){p - l)e = l{a) 
and therefore p \ Upi+en- If l{a) > —e + e{p — 1) we have 

pi + en < p{—e) + 2{p — l)e = —e + e{p — 1) < 1(a) 

and again conclude p \ api+en- So all summands on the left hand side with n > p 
are divisible by p^. Hence some i' := pi + en with n < p — \ satisfies p^ \ ai'. 
Moreover, (Sni) holds since i < —e. 

For c) we use this argument yet another time. Assume 

i < min{^(a) — 2e{p — 1), —e — 1} 

and p^ \ Qi- On the right hand side of (1571) we need p \ a^+Ae for | < A < , 

i.e. A = 1. But 

i + e < min{Z(a) — 2e(p — 1) + e, —1} < 1(a), 

so p I Gi+e- Assume first 1(a) < —e + 2e(p — 1). On the left hand side we have for 
p < n < 2(p — 1) 

pi + en <p(l(a) — 2e(p — 1)) + 2(p — l)e 

=l(a) — e(p — 1) + (p — l)^a) + e(p — 1) — (2p — 2)(p — l)e 
<l(a) - e(p - 1) + (p - l)(-e + 2e(p - 1)) - (2p - 3)(p - l)e 
=l(a) — e(p — 1) < 12 (a) 

and therefore | api+en- For 2p — 1 < n < i(p — 1) we just add (p — l)e to this 
last estimate to conclude 

pi + en <p(l(a) — 2e(p — 1)) + 2>(p — l)e 
<l(a) — e(p — 1) + e(p — 1) = 1(a) 

and hence p \ api+en- Now assume 1(a) > —e + 2e(p — 1). For p < n < 2(p — 1) we 
have 

pi + en <p(—e) + 2(p — l)e < 1(a) — e(p — 1) < 12 (a) 

and therefore p^ \ api+en- For 2p — 1 < n < 3(p — 1) we again add (p — l)e to this 
last estimate to conclude pi + en < 1(a) and p \ api+en- As before we conclude that 
for some i' := pi + en with n < p — 1 we have p^ \ ai'. Moreover (gOl) holds since 
i < —e. □ 

Before drawing consequences of Prop. [10] we make the following definition. 

Definition 4. Let w be the uniformizer of K given by 

^ = \/Cp - 1 = ^~^(T^K)\t=0 

and denote by the unnormalized valuation of the field K, i.e. 

v^(p) = e(p- 1). 


For a G define 


v^(a) := v-^ [p ^(a)|t=o) . 
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Corollary 7. For all a G ^ the series (p ^(a) converges, i.e. ^ C B^}. 


Proof. By a) we have | at for 

{v + l){p- 1) + 1 


/ . ^ 1 ) + 1 
e< i < -• e 


and hence 


and 


Vpia^) >v>- 


ip + e 
°{P - 1 ) 


- 1 


(41) fro(aiG7*) > -{ip + e) - e{p - 1) + i = -{p - l)i - pe. 


This implies 


lim VTxyiaiva'^) = oo 

i—> — oo 


and hence the series converges in K C Q^. By [5] [Prop. 11.25] this 

implies that (p“^(a) converges in BdR. □ 


Proposition 11. For each a G ^ we have l{a) > —e. If l{a) > —e then 
l{a) ^ —e mod p. Conversely, for each c G and n Gh with 

—e < —e mod p 

there is an element a G with I (a) = n and leading coefficient c. 

Proof. That l{a) > —e is Prop. [10] a). Assume that l{a) > —e and l{a) = —e 
mod p. Then l{a) = kp + {p — l)e for some k Gl and 

k = ^ - f 1 - {l{a) + e) < l{a), 

P \ Pj 

so we have Ok = 0. Further Okp+ie = 0 for i = 0, ..,p — 2 since kp + ie < l{a). Hence 
there is only one nonzero term in (1341) which gives a contradiction. 

To show the second part one can solve (IMl) by an easy recursion. Alternatively, 
Proposition |S| implies that Vlog(o) G E'^~^ for any a G Ef.. Now compute 


Vl0g(l + CTT^) 


V(l + C7r^) 

1 + ctt)*. 


cn 


/e-(7r— 

1 + ctt)^ 



and note that for p\n one can produce any leading coefficient. 


□ 


Remark 2. Elements a G E'jf ^ with l{a) = — e exist, e.g. 

V log(7r-^) = j . 7r-i + j = j . TT-® + j, 
but their leading coefficient is restricted to elements in Fp. 
Corollary 8. If a G Af^^ and 

l{a) < —e + e{p — 1) 


we have UmCa) = l{a). 
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Proof. Since = l{,a) we need to show 

v^(aizu^) > l{a) 

for i ^l{a). This is clear for i > l{a), and also for 

l{a) — e{p — 1) < i < l{a) 

since in that range p \ Oi and so VT^{aiZu'^) > e(p — 1) + * > l{a). For 
l{a) — 2e{p — 1) < i < l{a) — e{p — 1) 

we have p^ \ at by part b) and hence VT^(aiTU^) > 2e(p — 1) + i > 1(a). Finally for 
i < 1(a) — 2e(p — 1) < —e — e(p — 1) = —ep < —2e 

we have by dSD 

v.^(aiVj'^) > —(p — l)i — pe > (p — l)2e — pe = (p — 2)e > 1(a) 
using the assumption on 1(a). □ 

In order to study ^^(a) for a £ with 1(a) > —e + e(p — 1) we need to use 

Lemma fT3l The next proposition will show that Vj^(a) cannot only depend on 1(a) 
in this case. In the situation of Prop. [12] b) one can have VTjj(a) = 1(a) but for any 
b £ with 1(b) < 1(a) — e(p — 1) and p^ \ apt>) + pbpb) one has 

l(a + pb) = 1(a), v^(a + pb) < 1(b) + e(p — I) < 1(a) = v^(a). 

Proposition 12. Let a' £ A^^ with 

l(a') = pp — e + e(p — I) 

for some p £ Z with I < p < . 

a) There exists a = a' mod p with 

h(a) > PP — e = 1(a) — e(p — I). 

b) For a as in a) we have VT,j(a) > 1(a) with equality if p \ p — e. This last 
condition is automatic for e < p. 

Proof. First note that l 2 (a') > —e by Prop. HUIb). If ^ 2 ( 0 ') = —e then equation 
(155)) for k := —e reads 

fO" _ / _ / 

a _g = <^fcp_|_e(p— 1 ) ^ —e 

since i = kp + en < l 2 (a') for n < p — I and i = kp + en < —e + e(p — I) < l(a') 
for p + 1 < n < 2(p — 1). Hence a'_^fp mod p £ Fp. Adding an element pb to a', 
where b with 1(b) = —e is as in Remark |21 we can assume that l 2 (a') > —e. More 
generally, as long as l 2 (a’) < l(a'), we can add elements pb to a' whose existence 
is guaranteed by Prop. [TTjand increase l 2 (a') until l 2 (a') is not one of the possible 
1(b), i.e. 

12 (a) = pp-e = (p - e)p + (p- l)e 
for some p' > 1. Equation (l35l) for k := p' — e then reads 

2(p-l) 

(42) 0 = ^kp+ne ■ (~1) ^ • P • Hn-p 




36 


J. DAIGLE AND M. FLACH 


since i = kp + en < hia') ioi n < p — 1 and also i = k < hia') so that a' = 0 for 
those i. li fj,' < p we have for p + 1 < n < 2 {p — 1) 

kp + ne < {p — e)p + 2(p — l)e = l{a') 

and hence p \ So li p' < p then is the only non-zero term in 

(HD) and we arrive at a contradiction. Therefore p' > p and we have found our a, 
or otherwise we arrive at an a with l 2 {a) = l{a). In either case this proves part a). 
Equation (1^ for fc ^ — e gives 

f ~ 6 \ 

0 =akp+e{p-i) + az(o) • (~1) • P ■ Hp -2 ( 1 H- - — 1 

(43) =akp+e(p-i) - apa) 'P' ^ p'^) 

since p \ a^p+ne for kp + ne < kp + 2(p — l)e = l{a). Note also 

iJp _2 = i?p-i - = 0 - (-1) = 1 (mod p). 

For part b) we need to show that > l{a) for all i G Z (and compute the 

sum over those i for which there is equality). As in the proof of Corollary [5] for 
i > l{a) and l{a) — e{p— 1) < i < l{a) we obviously have v^{aiw'') > l{a). By (H51) 
we have 

(44) = (-^ + l) + 0(t:t7'(“)+i) 

since 

^e(p-l) ^ ^ 

So if p I — ^ -f 1 this is the leading term of valuation I (a). For 
l{a) — 2e{p — 1) < i < l{a) — e{p — 1), 

since hia) > l{a) — e(p — 1) by part a), we have p^ \ ai and hence v.^{ai'uj'^) > 
2e{p — 1) -I- i > l{a). For 

l{a) — 3e(p — 1) < i < /(a) — 2e(p — 1) 

we have p^ \ at by c) of Prop. ITUl and hence v^{aiW^) > 3e(p — 1) -I- * > l{a) . 
Finally for 

i < l{a) — 3e{p — 1) < —e — e{p — 1) = —ep 

we have by gID 

> —{p — \)i — pe > (p — l)pe — pe = {p — 2)pe > (2p — 3)e > l{a) 

using the assumption on l{a). □ 

6.2. Isotypic components. We introduce some notation for isotypic components. 
Recall that 

E K A 

with E cyclic of order / and A cyclic of order e{p — 1). For any E-orbit [p] we 
define the idempotent 

^ ^plG] 
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where the irreducible characters x = of G are parametrized as in section [3l 

For any Zp[G]-module M its [ 77 ]-isotypic component 

Afl''! := e[^]M 

is a again a Zp[G]-module. The S-orbit 

(45) [rf\= '} = { 77 )^ 177 ”^" } 

corresponds to an orbit C Xleij)— 1)Z of residue classes modulo 

e{p — 1 ) under the multiplication-by-p map, i.e. we have rii+i = rup mod e(j> — 1 ) 
where we view the index 7 as a class in We shall use the notation 

M = = [rii] 

to denote both the orbit of residue classes in 'Lle{p— 1)Z and the orbit of characters. 
By (El]) the group 

A, := Gal(i^/F(Cp)) 

acts on ^Cp — I = p~^(TTK)\t=o via the character 770 defined in section | 3 | and acts 
on ttk via tjq. The [ 77 ] = {tji, ..., }-isotypic component of the Zp[E k Ae]-module 
Ak is 

{a = a„ 7 r)^| a„ = 0 for n mod e ^ {n-i, ... ,nf^}} 

but is much harder to describe since ttx is not an eigenvector for the full group 
A. However, there is the following fact about leading terms. 

Lemma 15. Fix v > 1, a = ^ Ak and denote by e^ € Gf[A] the 

idempotent for rj = tjq. If 

(46) p-lv{a) = n mod e(p — 1) 
then 

G(CpU) = 

and the leading coefficients modulo p'' of e^a and a agree. If a = e^a is an eigen¬ 
vector for A then holds. 


Proof. Denote by 

w : A ^ Gal(F(Cp)/F) ^ Z^ 
the Teichmueller character. For S G A we have 


«(«)=(d+-1)'"=(f: 


l/e 


=X{S)t:k ( 1 + 


1 /w((5) 


u}{d) \ i 


l/e 


where A((5) G Me(p-i) satisfies \{Sy = uj(S) and (l-t-Z)^A denotes the usual binomial 
series. Applying we find 

K^Cp- 1) =A(i5)^/^ ■ f/C,p-I mod 

and since \/Cp — ^ jnod we obtain A(i5) = rio{Sy. In particular, 

for any a G Ak 

S{a) = r]o{5y'-AA . ai^i^a) ■ 77^^“^ mod {p’', 7r^^“^+^) 
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and 


1 


e„a = 


e{p- 1) 


Y,V-HS)Sia)^ 


1 


(5eA 


e{p- 1) 


Vo[or ^ ' ■a.l,(a)-TTK 


(5eA 


_ I a;^(a) • 71^*'“'’ ifp-/,.(a)=n mode(p-l) 
lO if p ■ l^(a) ^ n inode(p—1) 

where the congruences are modulo This implies both statements in 

the lemma. □ 


Remark 3. With the notation introduced in this seetion we have 

fv 

i=l 

6.3. The main result. We view S is as a subgroup of G in such a way that 
e(p-iy_p g where is the choice of root corresponding to our choice 

of root ttk of TT. Then the Zp[I]]-algebra Zp[G'] is finite free of rank e{p — 1). For 
each choice of p the [ryj-isotypic component of Zp[G] is free of rank over Zp[E] 
and for each p ^ tv the [ry]-isotypic component 

of is free of rank over Zp[E][[ 7 i — 1]]. Write 

N = = [m] C Z/e(p- 1)Z 

and pick representatives G Z with 

0<ni<e(p-l), i = l,...,/p. 

Note that our running assumption p\a^ ^ 1 implies e | n^. 


Proposition 13. Fix p\^^^ ^ 1 and let {ai\ i = 1,...,/^} be a Zp[S][[ 7 i — 1]]- 
basis of . Let ni^r be representatives for the residue elasses [ni — re] C 

1‘le{p — 1)Z with 


0 < ni^r < e{p — 1) 

indexed such that ni — re = Ui^r mod e{p — 1). Consider the two Zp[S]-lattices 


:= 0Zp 




2=1 


and 




in the [ui — re] -isotypic component 


fr, fn 

J^[ni-re] ^ 0 ^ ^ 0 ^ ( e(p-iy3^)n.-re 

2=1 2=1 

of K. Then the conjunction of m (in Prop. for X = i\ni — ce],? 7 ') over all p' 
holds if and only if and have the same Zp[Ti]-volume, i.e. 

(47) Detz^iqL, = Detz^[qO^^-’’"’ 
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mszrfe DetQj^[E] iiTl”! 

Proof. Let a be a A^fCj^jj-basis of Then 

:= (ExpJJ-i(a) 

is a Ai^:e[jij]-basis of iLL(Ar, Zp(l))["il and the element 

/3 = pri i_^(/3/^) 

of CorollaryOis a Zp[G']e[„j_re]-basis of (7L^(Ar,Zp(l —r))/tor)["i“''®l. This follows 
from the fact that the isomorphism pr^ of Lemma [3] is not A^f-linear but Ak- 
K-r-semilinear where kj is the automorphism of Ak given by 5 i—>■ for 

g G G xTk- Theorem [T] and Prop. [7] imply 

1 / d\ ’—^ 

Hence the Zp[G']e[jij_re]-lattice 

(48) Zp[G] • (r - 1)! • exp^^(,)(/3) c 

is free over Zp[E] with basis 

- !)■ •p"”' • =p-' ■ (v’'-vr')(^^) 

where i = 1,... ,/p. Now the conjunction of (flBl) for y = ([ni — re],g') over all 
g' is equivalent to the statement that the lattice (l4^ and the [ni — re]-isotypic 
component of the inverse different 

have the same Zp[E]-volume. Since e | ni we have 

and the statement follows. □ 


6.4. Proof for r — 1,2 and small e. We retain the notation of the previous 
section. As in Prop. [ 8 ] denote by / a Zp[E]-basis of Of- 


Proposition 14. There exists a Zp[E][[ 7 i — Ij]- 6 asis 
a* = / ■ • • • G i = 

0 /with 


l{ai) 


rii-e ifp]ni 

ni-e + e{p-l) ifpln^. 
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Proof. By Nakayama’s Lemma it suffices to find a Fp[S]-basis for 

(49) - 1) = (^rV(P,7i - . 

By Lemma [14] we have . By Prop. |TT] (reductions mod p of) 

elements ai as described in Prop. [HI exist in . By projection and Lemma [HI 
we can also assume that they are in the [ni — e]-isotypic component. Let a' be a 
nonzero Zp[S]-linear combination of the ai and assume 

a' = (71 — l)a mod p 

for some a G By Lemma [THI below we have l(a') > —e + e{p — 1). Since 

l{a') = l{ai) for some i, this implies 

l{a) = —e + e{p — 1 ) = — 2 e mod p. 

Using Lemma [T 6 | again we have 1(a) < l{a') — e{p—\) = —e mod p. Since Z(a) ^ —e 
mod p by Prop. [Tljwe have strict inequality. Lemma 116! then shows p | l{a) and 
hence p | Z(a'), contradicting l{a') = —2e mod p. We conclude that the ai are 
linearly independent in (IHI) . Since the Fp[E]-rank of (IHI) is this finishes the 
proof. □ 


Lemma 16. For a G e 1^ ^ with I (a) = jp'^ with p \ j we have 

/((71 - l)a) = (j + e(p - l))p''. 


In particular 


Z(( 7 i - l)a) > l{a) + e(p - 1 ) 
with equality if and only ifp\ I (a), and 

Z(( 7 i - 1 ) 0 ) > -e + e(p - 1) 


for all a G E^ ^. 


Proof. Since x'^^‘^'°(7i) = 1 + p we find from ((^ that (in Ek) 

71 (tt) = TT + TT^ + 


and hence for n = jp^ 

(71 - l)^K =( 7 r + 7 ^^ + 7 rP+^)"/" - W" = ttI ((1 + + ttP)"/" - 1 ) 

= n ^ ((1 + 

_J n+ep'‘{p-l) 

-e'TTj, +••• 

and this is indeed the leading term since p \ j. The last assertion follows from Prop. 

dnia). □ 


Proposition 15. If e < p the identity holds for r = 1 . 
Proof. We first remark that for each i we have 


V, 


7(02) — Z(oj) — 


Ui- e if p t n* 

^Ui — e + e(p — 1) if p I Ui 
by Corollary |5| and Proposition jHj Note that there is at most one ni say, with 
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since all the rn lie in the same residue class modulo p — 1 and e <p — 1. Then 
712 = pni <ep — p<ep—e = e{p — 1) 

and conversely, p | 7 i 2 if and only if 0 < ni := n 2 /p < e — 1. For all other i we have 
rii — e = rii^i. So if no — e is negative then 

% := < \</Cp - 1) e K 

is already a basis of . Otherwise 

p-qi,p~^ ■ q2,q3,...,qf^ 

is a basis of . Since Li is the span of the qi the statement follows. □ 

Remark 4. Although not covered by Prop. it is in faet true that the equivariant 
local Tamagawa number conjecture for r = 1 is equivalent to for r = 1 and so 
Prop. 1 1 5\ proves this conjeeture for e < p. However, for r = 1 one can give a direct 
proof without any assumption on e other than p \ e by studying the exponential 
map instead of the dual exponential map. Since the exponential power series gives 
a G-equivariant isomorphism 


exp : p ■ Ok = 1 + p • Ok 

one can easily compute the (equivariant) relative volume o/exp(C>i^) and Of^ C 
{K,'Lp{\)). For more work on the case r = 1 see [3] and references therein. 

To prepare for the proof of Prop. [16] below we need to compute i.e. 

prove the analogues of Corollary |5| and Prop. |T2]for Va G 

Lemma 17. Assume e < pl2. For a G with 

p\l{a) < -e + e{p- 1 ) 


or with 


l{a) = pp — e + e{p — 1 ) 
and chosen as in Prop. \PA a) we have 


Wro(Va) = IfS/a) = l{a) — e. 


Proof. Since 

(50) Vtt^ = 

it is clear that l(Va) = l{a) — e if p) l{a). To compute ^^(Vo) note that from the 
proof of Cor. [5] we already know 

VT,j{ajW^) > l{a) 


for j 1 (a). But this implies 


Uro ( Uj-vj^ ® ) > l{a) — e, Uro ( aj-zu^ ) > l{a) > l{a) — e 


(51) 

for j ^ I (a). This finishes the proof for the case p] l{a) < — e + e(p — 1). If 


l{a) = pp — e + e(p — 1 ) 

then recall from the proof of Prop. [T^l b) that we had to compute modulo p^ 
and there were two terms in (1441) with valuation I (a) arising from j = 1(a) and 
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j = l{a) — e{p — 1). Normalizing the leading coefficient to be ^ (as in the ai) we 
have 

_ f MP i(o) —e(p—1) ^ i(o) 1 2 

a = ^ ■ — ■ t:^ ' ' H-+ 4 • TT^ H- mod p 

and 


Va = ^. ifE. . ^ 

e e ' 


1(a) —e 


'K 


■ 4 -tt; 


iC 


+ 


and hence 


El . . ^Ka)-e-e(p-l) ^ M 

e e e 

+ „,od,2 

\ e e e / 


Computing the leading coefficient modulo p we find 

e e 


= E -2 


mod p 


which is divisible by p if and only ii p \ p — 2e. Since e < p/2 we have 


—p < — 2 e < p — 2 e < 


'''’-‘>-2e=Cl-in<0 

P/ 


and hence p -j" p — 2e. In the proof of Prop. [T2]b) we showed v-^{ajW^) > l{a) for 
j ^ 1 (a), 1 (a) — e(p — 1) and as above this implies that the corresponding terms in 
Va all have valuation larger than 1(a) — e. □ 


We handle the case p | ^(o) in a separate Lemma. Similar to Prop. [12] we need 
to compute modulo p^. 

Lemma 18. Assume e < p/4 and 0 < pp < —e + e(p — 1). Then there exists 
a € with 1(a) = pp and 

VnjC^a) = Z(Va) = pp — e + e(p — 1). 

Moreover we can choose a with any leading coefficient. 

Proof. The statement about the leading coefficient will be clear from the proof, 
so to alleviate notation we take the leading coefficient to be 1. First we can find 
a' S A^^ with 

a' = -I- (mod p^), 

i.e. with a' = 0 for all i < pp + e(p— 1) and i ^ pp. To see this, first note that (1551) 
is satisfied ioi k = p since iLp_i = 0 (mod p) (and we take a/p+„e arbitrary but 
divisible by p for n = p + 1,..., 2(p — 1)). In any equation (1351) with index k < p 
the coefficient does not occur on the left hand side since kp + ne is a multiple 
of p only for n = 0 among n G {0,... ,p— l,p+ 1,..., 2(p— 1)}. On the right hand 
side we always have a/ = 0 since k < p < pp. Similarly, the coefficient 
does not occur on the left hand side for k < p since kp + ne = pp +e(p — 1 ) implies 
n = —1 (mod p), i.e. n = p — 1. So the fact that a' ^ 0 for i = pp, pp + e(p — 1) 
forces no further nonzero terms in equations with index k < p. Equations (1351) with 
index k > p can always be satisfied inductively by adjusting the variable 
since does not occur in any equation with index k' < k. 
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With the notation introduced in subsection 16.21 set 

so that l{a) = hia) = by Lemma [T5l We have 

Va' = ^ • + ^ . ~ + ... (mod p2) 

and hence 

Va =Ve[^p]a' = e[^p_e]Vo' 

= ^ + ■■■-( /"P + e(P - 1) _ W \ , ^^p-e+e(p-l) ^ ^2) 

e \ e ^ / 

where x is the coefficient of in the expansion of e[pp_e] 

Moreover 

/(Va) = /(Ve[pp]o') = /(e[pp_e] Va') = /(Va') = pp-e + e{p- 1). 

In order to show that VT^iVa) = l{Va) write 

Va = '^h- 

i 

The terms for i = pp — e and i = pp — e + e{p — 1) contribute the leading term in 
the variable w 

^ _ ( PP + e(P-l) _ ^ \ . ^7.p-e+e(p-l) ^ . 

e V e e J 

^ _ pp + e{p-l) ^ ^ \ _ ^pp_,+,(p_i) ^ ^ ^ ^ 

\ e e e ) 

since, similarly to ( 01 , we have P")—f + 1 ase < p. For the terms with i ^ 
pp — e + e{p — 1 ), pp — e we must again verify that 

v^{bi'cu’‘) > pp - e + e{p- 1). 

This is clear for i > pp — e + e(ji — 1) and for 

pp — e<i<pp — e + e{p — 1 ) 

since then p\bi. For i < pp — e\i suffices to show by ([5T|l that we have instead 

v^{aiw'") > PP + e{p - 1) 

for i < pp. Since ^ 2 ( 0 ) = PP we have Vj^(ai) > 2e(p — 1) for 

pp — e(p — 1) < i < pp 
and hence Vj^{ai'cu'^) > pp + e{p — 1). For 

pp — 2e(j) — 1) < i < pp — e{p — 1 ) 
we have by v^{ai) > 3e(p — 1) by Prop. [TOla) since 

i < pp — e{p — 1 ) < — ^3-^ • e. 

Indeed this last inequality is equivalent to 


PP < 
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which holds by our assumption 4e < p, noting that e — 1 is the maximal value for 
pL. Finally for 

i < P-P — ‘^e{p — 1 ) < —e — e{p — 1 ) = —ep 

we have by 65) 

v^{aiW^) > —{p — l)i — pe> {p— l)pe — pe = (p— 2)pe > {2p — 3)e 

= -e + 2 e{p - 1) > pLp + e(p - 1 ). 

□ 


Proposition 16. If e < p/4: the identity m holds for r = 2 . 

Proof. By Lemmas [T3 and [TH] we can choose tti such that 

jni- 2 e iip\n^ a.iidp\ni-e 

v^iy Ui) = liy Ui) = \ o , ^ -f I I 

\ni — 2 e + e{p — 1 ) it p | or p | — e. 

As in the proof of Prop. m for each 0 < ni < e there is a unique n 2 = pni divisible 

by p. Similarly for each Uh with e < Uh < 2e (which is unique if it exists) there is 

a unique 

Uh+i - e =p{nh - e) 

divisible by p. Note here that Uh < 2e — 1 and hence 

rih+i < p(e - 1) + e < e{p - 1) 


using 2e < p. Let 




9* := 

Vaf 

(i/Cp- 

i)gk 








the basis 

of L 2 . We i 

again find that 










p-qi,p~ 

• 92, ■ • ■ ,P 

■qh,P ^ 

■ 9/t+i, 

■ ■ ■: 9A 

if 

m 

< e and 

e 

< 

nt 

< 

2e 

p-qi,p~ 


•.9/„ 


if ni 

< 

e and ^9 

e 

< 

nil 

< 

2e 


• ,P-qh,P ^ 

■ Qh+l, ■ ■ 

•>9/, 


if ^ 

Til 

< e and 

e 

< 

nil 

< 

2e 


• '>Qhi Qh-\-l') • 

■ • > 9/, 



if ^ 

ni 

< e nor 

e 

< 

nil 

< 

2e 


is a basis of and the statement follows. 


□ 
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